1. In this paper we wish to study fields which can be written as intersections of real closed fields. Several more restrictive classes of fields have received careful study (real closed fields by Artin and Schreier, hereditarily euclidean fields by Prestel and Ziegler [8] , hereditarily Pythagorean fields by Becker [1] ), with this more general class of fields sometimes mentioned in passing. We shall give several characterizations of this class in the next two sections. In § 2 we will be concerned with Gal(F/F), the Galois group of an algebraic closure F over F. We also relate the fields to the existence of multiplier sequences; these are infinite sequences of elements from the field which have nice properties with respect to certain sets of polynomials. For the real numbers, they are related to entire functions; generalizations can be found in [3] . In § 3 a characterization is given in terms of finite Galois extensions of the field. This is applied in § 4 to show that these fields suffice to obtain all isomorphism classes of reduced Witt rings (of equivalence classes of anisotropic quadratic forms over a field) with a certain finiteness condition on the rings.
In this section we shall briefly outline some of the work other authors have done with these and related classes of fields. Our interest is only in formally real fields, though to study them we shall often have to look at their algebraic extensions. For any formally real field F, we denote by F* the intersection of all the real closed subfields of a fixed algebraic closure F which contain F. These fields have been studied in [6] where they are called "galois order closed" because of the following theorem. THEOREM 
(cf. [6]). The field F* is the maximum normal extension of F to which all order in gs of F extend.
A field is called Pythagorean if every sum of squares is again a square. Thus the field F* is pythagorean since it is an intersection of pythagorean fields. Pythagorean fields have been characterized by Diller and Dress [4] , and this provides the inspiration for the results in § 3. One can always consider the pythagorean closure F v of a field F, namely the intersection of all pythagorean fields containing F. See [7] for a construction of F p . It is not difficult to obtain the following connection between F* and the pythagorean closure. PROPOSITION 
(cf. [6]). The Pythagorean closure of F is the intersection of F* with the quadratic closure of F.
As examples of intersections of real closed fields, we have hereditarily euclidean fields (all formally real algebraic extensions are euclidean; i.e. Pythagorean with one ordering), w T hich are characterized as intersections of real closed fields, any two of which are isomorphic over their intersection [8] . More generally, we have hereditarily pythagorean fields (all formally real algebraic extensions are pythagorean), which are characterized by the property that every formally real extension L is equal to L* [1] . Both of these classes of fields have been characterized in several different ways and have interesting applications in the study of Witt rings.
Example. The field Q*, where 0 denotes the field of rational numbers, is an intersection of real closed fields which is not hereditarily pythagorean. First note that since 0* is a normal extension of Q, the field 0* consists of precisely those elements of 0 whose minimal polynomial over Q has only real roots. Thus -\/~2 is not in Q*. One then checks that 1 + (\/2) 2 is not a square in 0*(AX2), SO that this extension of 0* is not pythagorean and hence 0* is not hereditarily pythagorean.
2. In this section we characterize fields which are intersections of real closed fields in terms of the Galois groups of their algebraic closures and in terms of the behaviour of polynomials. We feel that the characterization in terms of modifying the coefficients of polynomials is particularly interesting since no comparable results seem to exist for other classes of fields. The proof ultimately makes use of results in entire function theory due to Polya and Schur ( [3] ). We know of no strictly algebraic proof of [3, Theorem 3.7] , and this result is certainly crucial to our present work. 1 . We call r an n-sequence for F if, given any such polynomial / which splits in F, the polynomial T[f] also splits in F. If an infinite sequence T is an n-squence for all n = 1, 2, 3, ... , we call V a multiplier sequence for F.
Multiplier sequences for the real numbers have been studied by Polya and Schur and related to entire functions; generalizations to other fields can be found in [3] . Among other things, the following theorem shows that an infinite sequence of totally positive elements (that is, positive in all orderings) is a multiplier sequence for a field F = F* if and only if T [(x + l) n ] splits in F for all positive integers n. 
z , a n = 1 be a polynomial over F which splits in F*. Let a be any root of F. For any ordering of T 7 * and corresponding absolute value, we have Since H contains every involution of G, the field K is contained in every fixed field of an involution; that is, the field K is contained in every real closed subfield of F which contains F, and hence K C F*. Now let a be an element of K with minimal polynomial / over F. Since F* is a normal extension of F, the polynomial/ splits in F*, and so (b) implies that a £ F. Therefore K -F and so H = G by the Galois correspondence theorem.
(c) => (d). Each involution in G fixes some real closed field containing F y so F* is fixed by /. But then F* is fixed by the closure of /, which is all of G, whence F = F* is an intersection of real closed fields. Proof. Since F has a unique ordering, any two real closures of F are isomorphic over F. Thus a polynomial over F which splits in one will split in all of them. Also, any two involutions in Gz\(F/ F) are conjugate since their fixed fields are isomorphic over F. In view of these facts, the result follows immediately from the previous theorem. 
3. In this section we shall give a characterization of fields which are intersections of real closed fields in terms of their finite Galois extensions. This characterization will be used to obtain our results in § 4. The ideas behind the theorem are due to Griffin, though the results he claims in [6] are incorrect. The following proposition shows that [6, Proposition 8] is incorrect. We shall obtain corrected versions of Proposition 11 and Corollary 12 of [6] as our characterization of intersections of real closed fields. The proofs of the following two propositions are contained in the proof of [4, Satz 1] . These also appear as an exercise in [7] . PROPOSITION 
Let K be afield, b an element of K which is not a square, and L = K(\/b). There exists a quadratic extension AI of L such that M/K is cyclic of degree 4 if and only if b can be written as a sum of two squares. If M exists, it may be chosen inside K p .
Proof. Assume first that b is a sum of two squares. 
LEMMA 3.4. Let L be a finite Galois extension of the formally real field K with G = Gal (L/K).
The following conditions are equivalent:
b) There exists a Pythagorean chain from the fixed field of each Sylow 2-subgroup of G to a multiquadratic extension F of L contained in L p . The field F can be chosen so that it is a finite Galois extension of K contained in K*. (c) There exists a Pythagorean chain from the fixed field of some Sylow 2-siibgroup of G to a multiquadratic extension F of L contained in L p .
Proof, (a) => (b). Let M be the fixed field of a Sylow 2-subgroup of 
THEOREM 3.5. Let K be a formally real field. The field K can be written as an intersection of real closed fields if and only if for every nontrivial finite Galois extension L of K, there is no pythagorean chain from the fixed field of any Sylow 2-subgroup of Gal (L/K) to L.
Proof. Assume first that K = K*, and that there is a pythagorean chain from the fixed field M of a Sylow 2-subgroup of Gal(L/K). 
is a 2-group and AI is also the fixed field of a Sylow 2-subgroup of Gal (F/K). Thus F is the desired extension to complete the proof of the theorem.
4. In this section we relate intersections of real closed fields to the study of quadratic forms over formally real fields. One approach to the study of quadratic forms over a field F is to consider the Witt ring of equivalence classes of anisotropic quadratic forms W(F). When F is formally real, it is also useful to consider the reduced Witt ring W rea (F) (i.e., W(F) modulo its nilradical). It is a well known fact that W(F) = W T ea(F) for a formally real field F if and only if F is pythag-orean. For further information on Witt rings, see [7] . The objective of this section is to prove the following theorem.
THEOREM 4.1. Given any formally real field F with finitely many places into the real numbers, there exists a field K which is an intersection of real closed fields with W(K) isomorphic to W T^{ F).
In [2] we proved that a pythagorean held K satisfying the theorem always exists. Furthermore, the hniteness condition is independent of the chosen field F. The present theorem further restricts the class of fields needed to obtain all isomorphism classes of reduced Witt rings with the given finiteness condition. We conjecture that the theorem is true without the restriction to finitely many real places. We hope that by restricting the class of fields which one needs to consider, a deeper understanding of the structure of reduced Witt rings can be obtained. The proof of the above theorem will be based on valuation theory. The reader is referred to [5] or [9] for basic facts and definitions. Proof. Since F v is formally real, the field F is also. Assume F ^ F*. Then Theorem 3.5 implies that there exists a Galois extension L of F and a chain of subfields F 7 ] , and the degree of the residue class field of Mi over k t is 4. By [10, Chapter 6, Theorem 21], whenever our extensions are Galois, the residue class field extensions are also Galois with isomorphic Galois groups. In particular, the residue class field of Mi is a cyclic extension of degree 4 over k t and ko is the fixed field of a Sylow 2-subgroup of Gal(&".//%). We have thus shown that & 0 C &i C • • • C k n is a pythagorean chain, contradicting our assumption that : the x-adic valuation will be denoted by v and the degree valuation will be denoted by w. Note that v and w are independent, and for both of them the residue class field is isomorphic to L. Theorem 27.6 of [5] Then a/a t -1 lies in the maximal ideal of the valuation ring of v 0 (for i = 1) or Wo (for i = 2). Thus anti 6 MY 2 , so the map <p is surjective.
Finally we consider construction (c). Given a group ring W(K) [A] where K = K* and A is a group of exponent 2, we take F to be an iterated power series field over K, the number of variables being equal to the cardinality of an F 2 -vector space basis for A, where F 2 denotes the field with two elements. 
